In this paper, we study the unbounded upper triangular operator matrix with diagonal domain. Some sufficient and necessary conditions are given under which upper semi-Weyl spectrum (resp. upper semi-Browder spectrum) of such operator matrix is equal to the union of the upper semi-Weyl spectra (resp. the upper semi-Browder spectra) of its diagonal entries. As an application, the corresponding spectral properties of Hamiltonian operator matrix are obtained.
Introduction
Let K, H be the infinite dimensional separable Hilbert spaces and C(H, K)(C + (H, K)) be the set of all closed(closable) linear operators from H into K. We also write C(H, H)(C + (H, H)) as C(H)(C + (H)). Let G a linear subspace in H. Then G and G ⊥ denote the closure and the orthogonal complement of G, respectively. For a (linear) operator T between Hilbert spaces, we use D(T ), R(T ) and N (T ) to denote the domain, the range and the kernel of T , and write α(T ) and β(T ) for the dimensions of the kernel N (T ) and the quotient space H/R(T ), respectively. According to [1] , an operator T ∈ C(H, K) with dense domain is Fredholm, which can be defined as follows. An operator T ∈ C(H, K) with dense domain is said to be upper semiFredholm (resp., lower semi-Fredholm) if α(T ) < ∞(resp.,β(T ) < ∞) and R(T ) is closed. If both α(T ) and β(T ) are finite, then T is called Fredholm operator. We call that T is upper semi-Weyl (resp., lower semi-Weyl) if it is upper semi-Fredholm (resp., lower semi-Fredholm) with the index ind(T ) = α(T )−β(T ) ≤ 0 (resp., ind(T ) ≥ 0) and T is upper semi-Browder (resp., lower semi-Browder) if it is upper semiFredholm (resp., lower semi-Fredholm) of finite ascent asc(T )(resp.,finite descent dsc(T )), where
We call that T is Weyl if it is Fredholm with ind(T ) = 0. Then, the upper semi-Weyl spectrum, upper semi-Browder spectrum of T are, respectively, defined by
Block operator matrices play a major role in coupled systems of partial differential equations, and their spectral properties are of concerned interest. Especially, the study of upper triangular operator matrices and related subjects is one of the hottest areas in operator theory. Recently, a number of mathematicians have studied 2 × 2 bounded upper triangular operator matrices (see, e.g. [2] [3] [4] ). In [5] [6] [7] [8] [9] , the authors, making use of the single-valued extension property, estimated the defect sets (σ * (A) ∪ σ * (D))\σ * (T ) and obtained some sufficient conditions for
1) where
is a bounded operator matrix acting on Banach space and σ * ∈ {σ e , σ w , σ b }. In [10] , the authors extend these results to unbounded case . The main aim of this paper is to get sufficient and necessary conditions for (1.1) of an unbounded operator with σ * ∈ {σ SF − + , σ lb }. One of the significant differences between unbounded and bounded operator matrices arises in their domains. In general, one could not get certain spectral properties of unbounded operator matrix T using the factorization
is a closed operator matrix. Applying different method -space decomposition technique -we present some sufficient and necessary conditions for (1.1) in this paper. More precisely, the defect sets (σ * (A) ∪ σ * (D))\σ * (T ) with σ * ∈ {σ SF − + , σ lb } are actually described, and, in addition, these results are applied to a Hamiltonian operator matrix. Definition 1.1. (see [11] ) A closed (linear) operator
is called a Hamiltonian operator matrix, if A is a closed operator with dense domain and B, C are self-adjoint operators. Definition 1.2. (see [12] ) Let T and B be linear operators from H to K. We say that B is
and (2) B is compact on H T , where H T denotes D(T ) endowed with the graph norm i.e.
2. Some properties of upper triangular operator matrix Lemma 2.1. (see [12] ) Suppose that T ∈ C(H) is a Fredholm operator and B is T -compact.
be closed operator matrix such that A ∈ C(H), D ∈ C(K) with dense domains and let B ∈ C 
If β(A) < ∞, then A is Fredholm operator. Also since T is upper semi-Fredholm operator, we have D is upper semi-Fredholm operator. In fact, T can be written as follows:
is a bijection, then there exists operator
Since β(A) < ∞, then B 2 , B 4 are compact operators, therefore D is upper semi-Fredholm operator from Lemma 2.1. 
where
(2) If ind(T − λI) < 0, then A − λI is upper semi-Fredholm operator and
if and only if 
where σ asc (·) = {λ ∈ C : asc(· − λI) = ∞}.
Proof. Let λ ∈ (σ lb (A) ∪ σ lb (D))\σ lb (T ), then T − λI is upper semi-Fredholm and asc(T − λI) < ∞, therefore A−λI is upper semi-Fredholm and asc(A−λI) < ∞, from [13] . i.e. λ is not belong to 
In particular, if σ asc (D) = ∅ and σ p∞ (
applications
In this section, we obtained some properties of Hamiltonian operator matrix.
be a Hamiltonian operator matrix. Then
if and only if
In particular, if
In particular, if 
